THE RIEMANN-ROCH THEOREM AND ELLIPTIC CURVES

JET CHUNG

ABSTRACT. The Riemann-Roch theorem lets us compute the dimension of the space of meromorphic func-
tions with controlled zeros and poles. This paper will present a proof of the Riemann-Roch theorem using
sheaf cohomology. We will also introduce the basic theory of elliptic curves, including the uniformization
theorem and the group law. In particular, we will see that the Riemannn-Roch theorem provides more
enlightening proofs than elementary methods.
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2 JET CHUNG

INTRODUCTION

Motivating Question: Rational Points on Elliptic Curves. Consider an elliptic curve E defined over
C; for now, we'll say this is the locus of the points (z,y) € C? such that y? = 42% — gox — g3 for some
fixed constants go,g3 € C where g5 — 27¢g3 # 0. We are interested in the rational points of F, denoted
E(Q) = {(z,y) € Q% : y? = 423 — gox — g3}. Given a set of rational points, one way to generate more is
to take a rational point O, and define an operation as follows. Given two rational points A and B, let the
line ¢ through A and B intersect E at C'. Then, draw the line ¢’ through O and C, and let it intersect E at
A+ B. Then A 4 B is a rational point. One may ask:

e Is F(Q) finite or infinite?

e If £(Q) is finite, how do we compute its size?

e Can we generate E(Q) by the process defined above? Is the set of starting points needed to do this
finite?

e How many rational points do we expect a random elliptic curve F to have?

e Does E(Q) carry any structure?

The Riemann-Roch Theorem. Consider a compact Riemann surface X of genus g; the Riemann-Roch
theorem will aim to determine the dimension of the complex vector space of meromorphic functions on X
with controlled zeros and poles. In particular, let D be a formal sum of points > n;P;. Then &p gives the
complex vector space of meromorphic functions f such that at each point P, ordp,(f) + n; > 0 (see Section
2).
The Riemann-Roch theorem states that:
dim H°(X, 0p) — dim H* (X, 0p) =1 — g +deg D.

Serre duality will allow us to interpret the first cohomology group of the sheaf &p as global sections of the
sheaf O _p. We find

lD)—¢K—-D)=1—g+degD,
where £(D) = dim H°(X, Op). The second form of the theorem allows us to more easily derive consequences
of Riemann-Roch, as the zeroth cohomology group simply gives us the global sections.

We see that Riemann-Roch theorem implies that any compact Riemann surface can be embedded into
P for some N, and in particular, that elliptic curves can be embedded in P2. We will also see the theorems
of Abel and Jacobi imply that a compact Riemann surface can be embedded into its Jacobian, and that any
genus 1 Riemann surface is isomorphic to a complex torus.

Elliptic Curves. Using the theory we develop, we prove the uniformization theorem for elliptic curves that
says, roughly, that elliptic curves correspond to complex tori. More precisely, given a complex torus C/A,
we can embed it into P? by

OifzeA

Since p'(2)? = 4p(2) — g2(A)p(2) — g3, by y = ¢/(2) and z = p(z), this induces an elliptic curve Ej,
and furthermore, ¢ is a group isomorphism. Conversely, one wonders if, given an elliptic curve E : 3% =
423 — gox — g3, if there is a complex torus C/A such that Ex =2 E. We will see that this is the case.

pran [l S D 28

We will also give a natural explanation of the group law for elliptic curves.

Assumed Background. We will assume the reader knows some basic concepts from complex analysis and
algebra. We freely use results from Section 5.1 before they are stated - in part, because they can be proven
with elementary complex analysis. Other than that, we have tried to keep the prerequisites to a minimum -
in particular, we have tried to avoid categorical constructions when possible.
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1. SHEAF COHOMOLOGY

1.1. Complexes.

Definition 1.1. A cochain complex C*® is a sequence of abelian groups or modules along with homomor-
phisms such that the image of the previous homomorphism is contained in the kernel of the next homomor-
phism:

d,

R NeT 8 Citl Sit1 Ci+2 Oit2 Ci+3 dits

and Imd; C kerd;41 for all i. Note that this is equivalent to d;4+1 o §; = 0. Each §; is called a boundary
operator. A complex is ezact if Im; = ker d;41 for each 7. Elements in the kernel of § are called cocycles,
and elements in the image of § are called coboundaries. Finally, the i-th cohomology H*(C*®) is defined as
ker (SZ‘_._l/IHl 52

Remark. There is also a notion of a chain complex, where the indices are decreasing rather than increasing,
but this won’t be important for our discussion.

Definition 1.2. An exact sequence of the form
0 —— L —=> M

is called a monomorphism and an exact sequence of the form

MLN%O

is called an epimorphism.

Proposition 1.3. Consider a complex

B

0 L—=> M N 0

Then the complex is exact if and only if « is a monomorphism, B is an epimorphism, and Im o = ker 3.
Proof. Follows from the definitions. |

We call such a complex a short exact sequence.

Proposition 1.4. Let

50 51 52 53

0 U V w

be a short exact sequence of finite-dimensional vector spaces. Then dim(V') = dim(U) + dim(W).

0

Proof. By the first isomorphism theorem, we have Imds = V/kerdy and Imd; = U/kerd;. Since the
sequence is exact, we have 0 = Im y = ker §; and Im §; = ker d3. Then

W:ker(53 :Im52 = V/ker52 = V/Im51 = V/U

dim(W) = dim(V/U) = dim(V) — dim(U)
and
dim(V) = dim(U) 4+ dim(W)
as desired. |

Definition 1.5. Let the Euler characteristic of a complex C*® be

W(C*) = 3 (1) dim(H(C*)).

i

Proposition 1.6. If C* is an exact sequence, then x(C*) = 0.

Proof. [Alu09] p. 335. [ ]
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Proposition 1.7 (The Snake Lemma). Consider the following diagram

0 0 0
0 ker A ker y ——— kerv
) Bo
0 Ly My Ny J 0
( s
0 Ly —2 s — 2 5 Ny 0
coker\ —— cokery —— cokerv

0 0 0
where
0 Lo —2° My~ N, 0
[
ai B1
0 L1 M1 Nl

commutes. Then there is an exact sequence of the form

0 —— ker A —— kerp kerv —2— cokerA — cokeryy —— cokerv
Proof. Omitted. u

1.2. Sheaves.

Definition 1.8. A presheaf tells us the following data: to each open set U C X, we associate a set % (U)
called the sections of F over U; we call & (X) the global sections. Typically, the sections are abelian groups.
We also need restriction maps res); : # (V) — % (U) for any open sets U C V C X satisfying:

. resg =id

e res); oresl) = resly for any U C V C W; i.e. the following diagram commutes:

resy)

Definition 1.9. A presheaf is a sheaf if it satisfies the following two properties:

e Identity: If {U;}ics is an open cover of U, f,g € % (U) and f‘U_ = g‘U_ for all i € I, then f =g
(elements of . (U) are determined by their restriction to an open cover {U; }icr)

e Gluability: Let f; € Z(U;). If fi|UmUj = fj|Uint for all 4,5 € I, then 3f € Z#(U) such that
f|UV = fiforalliel.

Identity means there is at most one way to join sections, and gluability means that there is at least one way
to join sections.

Our most important examples of sheaves will be the holomorphic and meromorphic functions.

Example 1.10.
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e Let O(U) be the set of holomorphic functions defined on U. The restriction maps are defined in the
natural way: if U CV and f € .Z(V), then let res);(f) = f|U € F(U). Then, € can be seen to be
a sheaf.

e Let 2 be the sheaf of holomorphic 1-forms on a compact Riemann surface X, that is, symbols that
locally look like w = f(z)dz for f holomorphic (recall that X locally looks like C as a Riemann
surface is a one dimensional complex manifold).

e Let ./ be the sheaf of meromorphic functions.

e Let .#(") be the sheaf of meromorphic 1-forms.

e On a connected topological space, we can define a constant sheaf which simply associates the same
set to each open set U. In particular, we are interested in the sets Z and C; these contain topological
information about X.

Example 1.11. An example of a presheaf that is not a sheaf is the set of bounded functions on C. For
example, if we cover C by U,, = {z € C: |z] < n} for n € N, then the function f(z) = z is bounded on each
U,, and agrees on intersections, but cannot be glued over all of C to give a bounded function.

1.3. Stalks and Germs. Say we have a presheaf . on a topological space X, and consider a point a € X.
We define an equivalence relation on the disjoint union

| | Z7w)

U>sa
over all open neighborhoods U of a as follows: for f € #(U) and g € #(V), f ~q g if and only if there is
an open set W with a € W C U NV such that f’W = g|W.

Definition 1.12. The stalk of .# at a is given by

Fo = <|_| ﬁ(U))/ma.

Usa

Definition 1.13. Let U be an open set, and let a € U. Then consider the function p, : . (U) — %, which
sends a section to its equivalence class modulo ~,. We call p,(f) the germ of f at a.

The idea is that we want to have more information than just the point a itself; we want to know the
behaviour around a. However, no open set is small enough to only contain information about a. Thus, a
germ can be thought of as a point with additional information. Similarly, we can think of the stalk at a
point as being the set of possible germs.

Example 1.14. Let X =R, and let .% be the sheaf of real valued smooth functions on X. Then the germ
at a point tells us the derivatives at a point p € R. This is not enough to tell us the sections. However, if
we consider the sheaf of holomorphic functions on C, then we can determine the sections!

1.4. Cohomology. Let X be a topological space, and let 4l = (U;);e; be an open cover of X. Also, fix a
sheaf of abelian groups .% on X. For each non-negative integer ¢, we define

clwZ) = [ ZWiir.i,)
10<i1<...<iq

where Uiy i,....i, = Uiy NU;; N--- N U;, An element o € C9(4U,.7) is determined by taking an element

Qig,....ig € F(Uiy....i,) for each ¢ + 1 tuple in I. We can also define the coboundary map 4, : C/(L, .F) —
CrtY(U, F) by
q+1
(5q0‘)io,~~.,iq+1 = Z(_1)kaig,...,2k,...,iq+1 U _
P i rigl

Example 1.15. Say we have a sheaf of abelian groups on a topological space X, and consider the coboundary
map from C3(U, F) — C4(4, ). Then

(5a)107i1,i2713,i4 = Qg igyig,ia — Qig,izyis,ia T Qlig,inig,ia — igyinia,ia T Qligiy iz
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We might hope that this actually gives a complex. Given o € C%(4,.F), we can calculate (83 o 62)(a):
03(020) )ig iy iz sinsia = (02Q0) iy insin,ia — (020)ig iz izia + (02000 iy issia — (020)ig,i1 in,is T (020)ig i1 in s
and substituting, we find
53(5201))1‘0,1'1,12,1‘3,1'4 = (aig,i3,i4 — Oy igrig T Qi ig iy — ail,irz,is)

Qi isis — Qigis,is T igin,is — i iz is)

+

(ai11i37i4 = Qg igia T Qigiyia — O‘imihis)
(ai1,i27i4 = Qigin,ia T Qig iy ia — aimihiz)
+ (ail)i27i3 = Qg ig,ig T Qig iy iz — aioﬂ'hiz)
=0
Proposition 1.16. §441 06, = 0: in particular, C*(U, F) is a cochain complex of abelian groups.
Proof. Consider the matrix of indices that are skipped in the «’s. Given a coordinate (n,m), if n < m, then

the sign is + if and only if n £ m (mod 2), while if n > m, then the sign is + if and only if n = m (mod 2).
Thus, the sum is 0. |

Definition 1.17. Call
Z9(4, F) = ker(C(Y, F) — CTH (U, .F))
the q-cocycles and
B, F) = Im(CT 1 (U, .F) = CUYU,.F))
the g-coboundaries. Note that, in particular, each coboundary is a cocycle. Then we define
Hi(, 7)) =Z9(U, F) /B4, F)
to be the g-th cohomlogy group with coefficients in % with respect to 4.

Remark. We note that the cohomology groups defined above depend on the open covering &l of X - thus,
we have constructed the Cech cohomology. However, once we have defined the Cech cohomology, sheaf
cohomology can be defined in a natural way. The construction is omitted but can be found in ([For81], §12).

Definition 1.18. Let
HI(X,F)= lig HI(U, F)
I

be the sheaf cohomology.

If we’re going to just take the direct limit of the Cech cohomology to obtain the sheaf cohomology, why
do we bother with Cech? The upshot is that it’s easier to compute with Cech cohomology.

Theorem 1.19 (Leray). Let F be a sheaf of abelian groups, and let 34 = {U;};cr be an open covering of X
such that H*(U;, F) = 0 for each i € I. Then

HY (X, 7)= H (U, 7).
3L is then called a Leray covering for & .

Example 1.20 (The Exponential Sheaf Sequence). Let &* be the sheaf of nonvanishing holomorphic func-
tions. Then the exponential map exp : & — * is a sheaf homomorphism, and in particular induces a short
exact sequence

0 2miZ 7 7 0

on stalks: given a nonvanishing function germ, we can locally compute its logarithm. However, it is not
necessarily globally exact: for example, in a nonsimply connected space, a function may not have a global
logarithm.

Let X be a compact Riemann surface, and let .% be a sheaf of abelian groups on X. We construct a
complex like so:
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0 —— C%X,7) -2 oYX, 7) 2 (X, T) ——

Similarly to above, let Z1(X,.Z) = ker §; be the 1-cocycles, and B*(X,.#) = Imdy be the 1-coboundaries.
Then the first cohomology group H* (X, F) is ker 81/ Im &y = Z1(X, #) /B (X, 7).

Proposition 1.21. Let .# be a sheaf. Then the zeroth cohomology group HY(X,.7) simply gives the
sections F(X).

Proof. We consider H°(X,.%) by looking at the complex
0 — X, 7)) —— CHX,F) — ---

so that HY(X,#) = kerdy. Note that (dpa);, i, = i, — @y, S0 an element a of the kernel is one where
a; = a; for each 4, € I. Thus, by the definition of a sheaf, « is a constant on X. We conclude H’(X, Z) =
F(X). ]

Proposition 1.22. For a compact Riemann surface X, H (X, 0) is a finite dimensional complex vector
space.

Proof. The proof uses some sophisticated tools from functional analysis and thus falls outside the scope of
this paper. Details can be found in [For81]. ]

Definition 1.23. We call g = dim H!(X, 0) the genus of X.

1.5. The Exact Cohomology Sequence.

Definition 1.24. Let % and ¢ be sheaves on a topological space X. Then a sheaf homomorphism o : F —
4 sends

ay : F(U) = 94(U)
for each open set U C X. For open sets U,V such that U C V C X, we require

FV) —2 5 4(V)
resg resg

FU) —22 - 9(U)
to commute.

Definition 1.25. Let a sequence of sheaf homomorphisms on X be ezact if the induced homomorphism on
stalks is exact for each x € X.

Lemma 1.26. Let X be a topological space and let
0 F g L

be an exact sequence of sheaves on X. Then for each open set U C X,

0 —— FU) 2 9U) 22 2 (U)
18 exact.

Proof of Lemma 1.26.
e First, we prove that 0 —— .Z(U) — ¢4 (U) is exact. Let f € .Z(U) be such that oy (f) = 0.
Note that each sequence of stalks
0 —— F, 25 9,

is exact, so for each x € U, there is an open neighborhood U, C U so that f’U = 0. By the
definition of a sheaf, f = 0. Thus, « is injective.
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e Now, we prove that Im ay C ker Byy. Say that f € % (U), and let g = a(f): note that g € ay. Then
since the sequence is exact on stalks, we have g € Ima = ker 3, so there is an open neighborhood
U, such that ﬁ(g)|Uz = 0. By the same argument as above, we have 8(g) = 0, so g € ker Sy .

e Finally, we prove that ker Sy C Im . Say that g € ker@(U) and B(g) = 0. Then, for each z, by
exactness on stalks, we have ker 8, = Im a;, so g € Ima,. In particular, there is a covering (U;);cr
such that for each i, there exists f; € Z#(U;) such that «(f;) = g|Ui. Then, a(f;— f;) =0on U;NU;,
so fi = fj on U; NU;. Thus, there is an f € .#(U) such that f|Ui = f; for each i € I, and «a(f) = g.

|
Lemma 1.27. Let X be a compact Riemann surface and let

0 F 2, g P,y 0

be a short exact sequence of sheaves on X. Then
0 —— HYX,7) —2 & HY(X,9) — > HOX, )
O
HY(X, ) ~—— HY(X,Y9) ——— HY(X, )

s exact.

Proof outline. Since a compact Riemann surface is paracompact and Hausdorff, the derived functor coho-
mology agrees with the Cech cohomology (see [Whi60]). Then we use the two short exact sequences given
in [Ara] on p. 28. and apply the Snake Lemma. |
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2. RIEMANN-ROCH

Definition 2.1. Let X be a compact Riemann surface. A divisor on X is a formal sum of a finite number
of points, D = Zle n; P;. The degree of D is Zle 1.

0 if f is holomorphic and nonzero at x

o;d(f) = —k if f has a pole of order k at x

k if f has a zero of degree k at z

oo if f is identically zero in a neighborhood of z

Example 2.2. Let f be a meromorphic function on an open subset Y of a Riemann surface X. For a point
xz €Y, we can define ord,(f) to be the order of f at x. Then the function x — ord,(f) is a divisor on X.

Definition 2.3. A divisor D is called principal if there is a meromorphic function f € .#(X) such that
D = (f), and two divisors D and D’ are equivalent, written D ~ D’  if there D — D’ = (f) for some
f € #(X). We say a divisor D is effective if D > 0.

Let X be a compact Riemann surface. Then, we define deg : Div(X) — Z by degD = > _\ D(x).
Recall that meromorphic functions on a compact Riemann surface have the same number of zeros as poles,
so deg(f) =0 for any f € .#(X). In particular, if D and D’ € Div(X) are equivalent, we have D — D’ = ()
for some meromorphic f, so deg(D) — deg(D’) = deg(f) =0 = deg(D) = deg(D’).

Definition 2.4. Let D be a divisor on a compact Riemann surface X. Then we construct the sheaf &p
along with the natural restriction map as follows: for any open set U C X,

Op(U) ={f € #(U) :ord(f) > =D(x) for all z € U}.

We can think of &p as giving us the vector space of meromorphic functions with controlled zeros and
poles. If some point P has a zero of order n, then we require ordp(f) > —D(P) = —n, so f must have a
pole of order at most n. If P has a pole of order n, then f must have a zero of multiplicity at least n.

Definition 2.5. Let w be a nontrivial meromorphic 1-form on X. Then the divisor K" = (w) = ) y ord,(w)
is the canonical divisor on X. This is well defined because for w,w’ € .M (X) \ {0}, we have
w _ f(x)dz

= E = Fa)() € A(X)\ {0},

so that (w) = (w').

Definition 2.6. Let Qp be the sheaf of meromorphic 1-forms w such that ord(w) > —D. In particular, we
denote by  the sheaf of holomorphic 1-forms.

Lemma 2.7. There is an isomorphism between Opx and Qp defined by f — fw, for w a nontrivial
meromorphic 1-form.

Proposition 2.8. If D and D' are equivalent as divisors on X, then Op and Op: are isomorphic as sheaves.
Proof. Say that D — D’ = (f) for some meromorphic f. Then
ﬁD = ﬁD’+(f) = ﬁD’

(9f)+D =(9)+ (f)+ D" = (g9)+D.

Proposition 2.9. If D < D', then there is an inclusion Op — Op:.
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Proof. If f € Op, then ord,(f) > —D(z) for all z € X. However, as D(z) < D’(x) for all x, we have
ord;(f) > —D'(x), so f € Ops as desired. [ |

Definition 2.10. Let X be a Riemann surface, and let P be a point of X. Then we define the skyscraper
sheaf Cp by
C ifPeU,

CP(U):{O ifPgU.

Lemma 2.11. We have
(1) H°(X,Cp) = C;
(2) HY(X,Cp) = 0.
Proof. Note that (1) follows as the zeroth cohomology group just gives us the global sections: H°(X,Cp) =

Cp(X) = C. To prove (2), consider a Leray covering Y = (U;);e; of X, and say h € H'(X,Cp). Then
Z1(,Cp) =0, 80 h =0. [ |

Lemma 2.12. For any divisor D on X and point P € X,
0 —— O0p —— Opyp —— Cp > 0

is a short exact sequence.

Proof. First, we define 8 : Opyp — Cp as follows: let f € Opp have a Laurent expansion around U > P

n=—k—1

and let B(f) = c_i. Then S is clearly surjective onto Cp. To show that &p — Opyp is injective, it suffices
to check on stalks. If @Q # P, then

(Op)q = (Op+p)q;
and if Q = P, then
(Op)p®dC = (0Opsp)p.
|

Theorem 2.13 (Riemann-Roch). Let X be a compact Riemann surface with genus g, and say D is a divisor
on X. Then H°(X,Op) and HY (X, Op) are finite dimensional vector spaces and

(%) dim H°(X, 0p) — dim H*(X,0p) =1 — g+ deg D
Proof. First, consider the case when D = 0. Note that deg D = 0. As g = dim HI(X, 0), it suffices to show
that dim H°(X, 0) = 1. Note that H°(X, ) = 0(X), and as holomorphic functions on compact Riemann
surfaces are constant, we have [H?(X, 0) : C] = [0(X) : C] = 1, as desired.

Now, say P € X, and let D and D 4 P be divisors on X. We will show that (%) holds for divisor D if

and only if it holds for D + P. First, note that deg(D + P) — deg(D) = 1. By applying Lemma 1.27 to the
short exact sequence in Lemma 2.12, we obtain an exact sequence:

0 — HY(X,0p) ——— H(X,Opyp) —— HO(X,Cp)

Hqcx,ﬁb)AAAAAAA% Hq@X7ﬁD+p)4444444>EF(X}CP)

By Lemma 2.11, this is equivalent to:

0 —— HY(X,0p) — H(X,Opip) —2— C —2— HY(X,0p) — HY(X,Opsp) — 0
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Let V. =Imp and W = C/V. Note in particular that dim W + dimV = 1. We can split this long exact
sequence into two short exact sequences:
0 — HYX,0p) —— H°(X,0p.p) —— V —— 0

0 —— W —— HYX,0p) —— HYX,0pip) —— 0

where the first sequence is exact because
Im(H*(X,0pyp —V)=Imp =V =ker(V — 0)
and the second sequence is exact because V' = Im ¢ = ker ¢ so
Im(W — HY(X,0p)) =Im(C/V — H'(X,0p)) =Im ¢ = ker(H (X, Op) — H (X, Op,p)).
By Proposition 1.4, we have
dim H*(X, 0p) + dimV = dim H*(X, Opp)
and
dim W + dim H(X, Op, p) = dim H' (X, Op)
so subtracting gives us
dim H*(X, Opyp) —dim H (X, Op,p) — dim W = dim H°(X, Op) — dim H' (X, Op) 4+ dim V.
Now, we have
dim H*(X, Op,p) —dim H (X, Op,p) —deg(D +P) —1+g
(1) =dim H*(X, Op) — dim H (X, Op) — deg(D) —1+g¢
so in particular, (%) holds for D if and only if it holds for D + P.

Remark. We can also obtain () by applying Proposition 1.6 to the long exact sequence.

The general case follows by induction, as any arbitrary D € Div(X) can be written as D = Py + ... +
P,—Pn, 1—...—P,. |

Remark. For D € Div(X), i(D) = dim H*(X, 0p) is called the index of speciality of D. It is typically

thought of as a correction term, as it disappears when the degree of D is sufficiently large.

2.1. Serre Duality. Let ¢(D) = dim H°(X,0p). The zeroth cohomology group is easy to interpret:
H°(X,0p) = Op. But what about H'(X,0p)? Serre duality tells us that H°(Q_p) = HY(Op)Y, but
we won’t be able to prove this. We will instead prove a weaker form that says:

Proposition 2.14 (Weak Serre Duality). We have dim H' (X, 0p) = dim H*(X, Ok _p), and in particular,
UK — D) = dim H'(X, Op).
First, we will need the following lemma:
Lemma 2.15. There is an injective map
ip: H(X,Qp) = HY(X,0_p);
in particular, dim H°(X,Qp) < dim HY (X, 0_p).

Proof. [McM], p. 89. |

Proof of Proposition 2.14. By Riemann-Roch, we have
dim H*(X, Ok, p) —dim H (X, Ok p) =1 — g + deg(K + D)

and
dim H°(X,0_p) —dim HY(X,0_p) =1 — g + deg(—D),
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so adding gives
dim H*(X, Ok, p) +dim H*(X,0_p) = 2 — 2g + deg K + dim H' (X, Ok, p) +dim H (X, 0_p)
and thus
dim H°(X, Ok, p) +dim H*(X,0_p) = deg K + dim H (X, Ok p) + dim H' (X, 0_p).
By Lemma 2.7, we have Ok p = Qp and 0_p = Q_k_p, so along with Lemma 2.15, we have
dim H°(X, Ok p) = dim H*(X,Qp) < dim H (X, 0_p)

and
(%) dim H*(X,0_p) = dim H*(X,Q_x_p) < dim H (X, Ok p),
so we must have equality in both cases. Thus, by the substitution D +— D — K in (x), we have

dim H*(X, Ok _p) = dim H (X, Op)
so (K — D) = dim HY (X, Op). |

As (D) = dim H°(X, Op) and /(K — D) = dim H'(X, Op), we have:

Theorem 2.16 (Riemann-Roch (Second Form)).

| (D) — (K — D) =1—g+degD|

2.2. Consequences of Riemann-Roch.

Proposition 2.17. If deg D < 0, then £(D) = 0.

Proof. If we had some f € Op, then we would have ord,(f) > —D(z) > 0 for all z € X, so deg(f) > 0. This
is impossible, as f is meromorphic, and deg(f) = 0 for any meromorphic function on a compact Riemann
surface. m

Proposition 2.18. IfdegD > 2g — 1, then {(K — D) = 0.

Proof. By {(D) —¢(K —D)=1—g+degD>1—-—g+2g—1=g,so
UK —-D)—4D)=1—g+deg(K—-D) < —g
= deg(K — D) < -1
= deg(K —D) <0
and by Proposition 2.17, we have ¢(K — D) = 0, as desired.

[ |
Proposition 2.19. {(K) =g.
Proof. Note that by considering the divisor D = 0, we have
00)—UK)=deg0+1—g = 1—-4(K)=1—-g = UK)=g.
[ ]

Thus, there are exactly g linearly independent holomorphic 1-forms on a compact Riemann surface of
genus g.

Proposition 2.20. deg K = 2¢g — 2.

Proof. By considering the canonical divisor K, we have

UK)—UK—-K)=degK+1—g = g—1=degK+1—g — degK =2g—2.

Proposition 2.21. For any lattice A, C/A has genus 1.
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Proof. For any holomorphic 1-form w on C/A, we locally have w = f(z)dz for f holomorphic. However, as
the only holomorphic elliptic functions are the constant functions, we have w = dz. Thus, w has no zeros or
poles, and 0 = deg(w) =2g—2 = ¢g=1. [ ]

2.3. Riemann Surfaces of Genus 0. Consider a compact Riemann surface X of genus 0. We will verify
the Rieman-Roch theorem for X explicitly.

Proposition 2.22. For any divisor D on X, we have
D) — ¢ K — D) =1+degD;
in particular,
(1) deg K = —2
(2) ((K)=0
(3) If deg D > 0, then £(D) = 1+ deg D; otherwise, £(D) = 0.
Lemma 2.23. IfdegD >0, {(D+ P)=4¢(D)+ 1 for any point P € X.

Proof. First, we claim that ¢(D + P) > ¢(D) + 1: we do this by constructing a function f that is in Op4p
but not &p. If D =nP + Zle n;P;, since D+ P =(n+1)P+ Zle n; P;,

k
£(2) = (== Py [ (- P

suffices. To show that £(D + P) < ¢(D)+ 1, we note that if there are functions that attain a pole of maximal
order at P, then the dimension increases by 1; otherwise, it is equal to ¢(D). Thus, {(D + P) = ¢{(D) + 1,
as desired. ]

Proof of Proposition 2.22.

(1) Consider a 1-form w = dz; we claim it has as pole of order 2 at co. By the change of variables z — %7
we have dz = —y%dy, so that dz has a pole at of order 2 at y = 0; that is, a pole of order 2 at co. It
has no other poles, so K = —2- o0 and deg K = —2.

(2) ¢(K)=dim H°(X, Ok) = dim O, and as there are no holomorphic 1-forms on X, we have £(K) = 0.

(3) First, say deg D > 0. Note that any divisor can be written as a finite sum of points, say D = >""" | P;
where by slight abuse of notation, we may include a point a negative number of times. Then,
repeatedly applying Lemma 2.23 gives

{D)=4P1+...+P)=4(P+...+P1)+1

=/0(0)+n
=1+4+degD
as desired. If deg D < 0, then ¢(D) = 0: (f) + D > 0, but for any meromorphic function f on X,
deg(f) =0.
]
Example 2.24. Consider the divisor D = —nP, where n is an integer. Then the Riemann-Roch theorem

follows if we can show that
(—=2-004+4nP)=n—1
for n < 0, which follows as

{ (2 *1P)2 (2 *1P)3 N *1P)” }

is a C-basis of O(_3.0c_np)-
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3. EMBEDDING INTO PROJECTIVE SPACE

Definition 3.1. Let A™ = {(aq,...,a,) : a; € C} be affine n-space over C.
Definition 3.2. Let P = {(ag,...,an) \ {(0,...,0)} : a; € C}/ ~ be projective n-space over C , where

(ag,...,an) ~ (ag,...,al,) if and only if there exists some ¢ € C* such that a; = ca) for 1 <i < n. We write
an equivalence class of a point by (ag : - - : ay).
Let Uj = {(20: -+ : 2n) € PV 1 z; # 0}, and define a map ¢; : U; — CV by
20 Zi ZN
0i(zo: - 12n) = (,...,j,...,>.
Zj Zj Zj

Note that the U; form an open cover of PV, and w; U; — C" is a homeomorphism. They are called the
standard affine charts. If we have a continuous function f : X — PV, then the sets W; = f~1(U,) are open.

Then we obtain maps
Note that each f; gives N functions from W; to C, as f; : W; — CN. Let f; = (firs---s fin)-

Definition 3.3. We call f holomorphic if each f;;, is holomorphic, and an immersion if it is holomorphic,

and for each x € X, there is some Fj; such that x € W; and 817]57’;@) # 0. Finally, f is an embedding if it is
an injective immersion.

Theorem 3.4. Let D be a divisor with deg D > 2g + 1, and let fo,..., fx be a basis of H(X,Op). Then
f=(or i fn): X =PV

is an embedding.

Proof. Omitted; [For81] p. 144 or [Nar92] p. 56. ]

Theorem 3.5. Any compact Riemann surface can be embedded in P3.

Proof. [Har77] p. 310.
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4. ABEL-JACOBI

Definition 4.1. By a curve, we mean a continuous map c : [0,1] — X. Then a 1-chain on X is a formal

sum
m
Cc = E njcj
Jj=1

where the ¢; are curves, and n; € Z. We will denote the group of all 1-chains on X by C1(X). The integral
over c of a closed differential form w is .
Jo=m [ w
c ]:1 Cj

We define a boundary operator ¢ : C1(X) — Div(X). Let dc = 37" | n;dc;, where 0 is defined on curves

as follows: if ¢; is a closed curve, i.e. ¢;(0) = ¢;(1), then let dc; = 0. Otherwise, let it be the divisor
¢;(1) — ¢;(0). Note that, in particular, as deg(dc;) = 0 for any curve, we also have deg(dc) = 0 for any

1-chain.
Example 4.2.
C1 (0)
c2(0) c3(0) = es(1) ci(1)
)
62(1)

Proposition 4.3. Given D € Divy(X), there is a ¢ € C1(X) such that dc = D.
Proof. Say that D =P, + ...+ P, — Q1 — ... — @, where points may be repeated. Then let ¢; connect @Q;
and P; with ¢;(0) = Q; and ¢;(1) = P,. Withe= )" | ¢;, we have dc = > | (P, — Q;) = D, as desired. W
Definition 4.4. Let Z1(X) = ker 0 be the 1-chains.
Remark. Note that although every ¢ € C1(X) satisfies deg(dc) = 0, we do not always have dc = 0.

Now, define an equivalence relation as follows: for two chains ¢1,co € C1(X), let ¢1 ~ ¢y if for all closed
differential forms w (recall a closed differential form satisfies dw = 0), o W= fcz wj; in this case, we say ¢

and ¢y are homologous. Then Hy(X,Z) = Z1(X,Z)/ ~ is the first homology group of X. Note that for any
¢ € Hi(X,Z) and closed differential 1-form w, fcw is well defined.

Remark. This is similar to the fundamental group 71(X); in fact, Hy(X,Z) is the abelianization of 71 (X).
We say that D € Div(X) has a solution if there is some meromorphic function f € .#(X) such that

(f) = D. Clearly, since X is a compact Riemann surface, it is necessary that deg D = 0. Abel’s theorem
will give us sufficient conditions.

Theorem 4.5 (Abel). Let X be a compact Riemann surface, and let D be a divisor with deg D = 0. Then
D has a solution if and only if there is some ¢ € C1(X) with O¢c = D and fcw = 0 for each holomorphic
1-form w.

Recall that dim Q(X) = g; take a basis w1, ...,wy. Then define the period lattice of the w; as follows:

r=Perton.ovg) = { ([ [ ) sae mex) )

Proposition 4.6. T is a lattice in CY, i.e.
F:’ylZ—F’}/QZ—f——f—’YQgZ
for some y1,...,7v24 € Z1(X,Z) linearly independent over R.
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Corollary 4.7. In particular, Hy(X,Z) = Z29.
Definition 4.8. Let the Jacobian of X be defined by

Jac(X) = Q(X)V/ {/ eQX):ce Hi(X, Z)} ~ 9T,

Proposition 4.9. If X = C/A for a lattice A, then it is isomorphic to its Jacobian Jac(X).

FIGURE 1. The red and blue cycles represent classes in Hy(C/A,Z).

Proof. Let A = {1,7} where 7 € H. Recall that by Proposition 2.21, C/A has genus 1. For 0 < ¢ < 1, let
t — t be the blue cycle ¢1, and let t — t7 be the red cycle cg; these generate Hq(C/A,Z) = Z2. Then any
¢ € H(C/A,Z) can be written in the form ¢ = cf1¢k? for integers k; and ky. For any w € Q(X), we have

/w—kl/ w+k2/

Now, consider C — C/A. This sends the 1-form dz to w, so the integral fol dz gets sent to fq w mod A and
Jy dz is sent to f02 w. In particular, fq w=1and ch w=r7. Thus, I' & A, and

Jac(X) = Q(X)V/T=C/T=C/A = X.
|

Definition 4.10. Let Div(X), Div(X), Divp(X) be the divisors, degree 0 divisors, and principal divisors,
respectively, and let Pic(X) = Div(X)/Divg(X) and Pico(X) = Divo(X)/Divp(X) be the Picard group and
degree 0 Picard group respectively.

We define a map @ : Divy(X) — Jac(X) by

DH(/CM,...,/C@

where ¢ is a 1-chain with dc = D. Note that ® is well defined because the integral over a boundary chain is
zero. Recall that by Abel’s theorem, ker ® = Divp(X). Then modding out by Divp(X) gives an injective
map j : Picg(X) — Jac(X).

Theorem 4.11 (Jacobi). The map j is surjective (and thus defines an isomorphism between Pico(X) and

Jac(X)).

Thus, the group of degree zero divisors modulo the principal divisors is isomorphic to a complex g-
dimensional torus.

Example 4.12. In the genus 0 case, Jac(X) is trivial, so Pico(X) is as well.

Proposition 4.13. Any compact Riemann surface X of genus 1 can be written in the form C/A.

Proof. Note that as X has genus 1, it is isomorphic to its Jacobian Jac(X), and furthermore, Jac(X) = C/A
for a lattice A. Thus, X = Jac(X) = C/A. |

Proposition 4.14. Any compact Riemann surface of genus g > 1 embeds into its Jacobian.
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5. ErLripTic CURVES

5.1. Elliptic Functions.

Definition 5.1. Recall that, given two nonzero complex numbers wy,ws such that i—; ¢ R, we may define
the lattice A by A = [w1,ws] = {mw1 + nwa : m,n € Z}. Then an elliptic function with respect to A is a
meromorphic function f such that f(z +w) = f(z) for all w € A.

We know some basic facts about the zeros and poles of elliptic functions, which can be derived using tools
from complex analysis. We will show alternate proofs using the theory we have developed. In what follows,
let P denote a fundamental parallelogram (a parallelogram with vertices at 0,wq,ws and wy + wsy), and let
I" be the boundary of P.

Theorem 5.2. An entire elliptic function f : X — C is constant.

Proof. Note that X is compact. Then f(X) is also compact, so in particular, it is bounded. Since f is an
elliptic function, it defines an entire function f : C — C. Thus, by Liouville’s theorem, f is constant. |

Proof with Riemann-Roch. Consider the divisor D = 0: this gives us the holomorphic functions on X. Then,
we have {(D) —¢(K — D) =1—g+degD = ¢(0) = deg D + ¢(K) = 1. Thus, the only entire functions
on X are the constant functions. |

Theorem 5.3. There are no elliptic functions with a single simple pole in each fundamental parallelogram.

Proof. Say we have a simple pole at zy. By the residue theorem,

/ f(2)dz = 2mwiRes(f; 20)-
r

However, by double periodicity, the integral is 0, so the residue at zgp is 0, which is a contradiction to zg
being a pole. Thus, there is no such f with a simple pole at z. |

Proof with Riemann-Roch. Say we have a simple pole at P. Then, we consider the divisor D = P: this
controls the functions that have at most a pole of order 1 at P, and are holomorphic everywhere else. Then
asdegP=1>2g—1,¢K — P) =0, so {(P) =deg P = 1. However, the constant functions have no poles,
so there are no elliptic functions with a single simple pole in each fundamental parallelogram. |

Definition 5.4. Let f be a meromorphic function. Given a contour T', we let ng(f) and neo(f) respectively
denote the number of zeros and poles of f in the interior of I', counted with multiplicity.

Theorem 5.5 (Argument Principle). Suppose that T' C C is a contour, f is holomorphic on T' and its
interior except for some isolated singularities. Then

L [ 1), _ n0(f) — 1o (f).

2mi Jp f(z)
Proof. Say f(z) has a root z; with multiplicity k;; we have f(2) = (2 — 2;)*1g(2) for g(z;) # 0. Then
F1(2) = (2 — z0)"g' (2) + ki(2 — z)" " 1g(2) so
e _ g6,k
fz)  9(2) 2z
and integrating over a small contour I' gives

1 [ FE, 1[G

2mi Jo )T 2w Jeog2) T
Now, let us see what happens if we have a pole z; with multiplicity k;: we can write f(z) = % with
9(z;) # 0.
9'(z)  g(2)-kj

A A i e 2
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Then
f'(z) gk
fz)  g9(z)  z—z
and
f'z) 1 / 9
27rz r f(z)  2mi Jr g(2) 7
Doing this for all poles and zeros gives the desired result. |

Theorem 5.6. If f is a nonzero elliptic function, then the number of poles is equal to the number of zeros.
Proof. This follows by the symmetry of the integral over I' and the argument principle. |

So far, we’ve only proved results we already knew how to prove with more elementary methods. Using
the theory we have developed, we will be able to prove a converse to the following theorem:

Theorem 5.7. Let f be an elliptic function with respect to the lattice A, and suppose f has zeros and poles
ai,...,a, with multiplicities my. Then EZ:l agmyg € A.

Theorem 5.8. Fix a lattice A, and let aq,...,a, be a sequence of complexr numbers, and let mq, ..., m, be
a sequence of integers. Then there is a doubly periodic meromorphic function f with respect to A with zeros
and poles at each ay, with multiplicity my, if and only if Y _, axmy € A and Y"1 my, = 0.

Proof of Theorem 5.7. By the residue theorem, we have

1
o dz = Zakmk

I [ S [y P
/w1 zf(z)dz—/o (Zerl)fz—l—wl /0 (z+wr) e dz,

Note that

and similarly,

ez, " f'(z +w2) 0 Z)
/wﬁw?zf(z)dz/w (Z+w2)fz+w2 wl B dz.

1

/J;%()) d”"%iwf?((j))dz:/o f / 2+ )]
/w1+w2

Now, note that fwl f( )

Now,

O iz, e PG, G, [P,
/Zf(Z)dZ_/o (Z+“1)f<z>dZ+L2Zf<z>dz‘ v, T

= log (0) — log (w1) = 2miny and fw2 L Z)dz =log (w2) — log (0) = 2min;. Thus,

3 ! / P gy = L ringw + 2minsws) + eA
armip = — z Z = —— 4TI w TIMNoW = nNnNi1w Naow .
k1L o - f(Z) 2mi 1w1 2W2 1w1 2W2

Proof of Theorem 5.8. Let D be the divisor given by the a; and my: note that deg D = 0. Then, by Abel’s
theorem, D has a solution if and only if there is a chain ¢ € C1(X) such that dc = D and [ w = 0 for each
w € Q(X). Since the sum of the m; is 0, we can pair up the zeros and poles; it doesn’t matter how we do
this.

Let m: C — C/A be the canonical projection, and let

c=movyL+...+mToYN,
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where N is the total number of pairs. Then dc = D and for any holomorphic 1-form w induced by a 1-form
dz on C, we have

N n
/w:Z/dz:Zakmk:O.
¢ i=1"vCi k=1

5.2. The Weierstrass p-function. Note that there are no elliptic functions with a simple pole in each
fundamental parallelogram. However, the Weierstrass gp-function gives us the next best thing: an elliptic
function with a double pole in each fundamental parallelogram. We will also see that it is universal in a
sense: every elliptic function can be written as a rational function in p(z) and its derivative, p'(2).

Definition 5.9. Let the Weierstrass p-function with respect to a given lattice A be defined by
1 1 1
0=+ % (e )

Definition 5.10. Let

be the k-th Eisenstein series.

Remark. The Eisenstein series are an example of modular forms, which are important in number theory as
well as other branches of mathematics.

Proofs of the following propositions can be found in standard references such as [Cox97] or [SS03].

Proposition 5.11. p(z) is a meromorphic even function; furthermore, p(z) is doubly periodic with respect
to wy and we and has a double pole at each lattice point w € A. It has no poles anywhere else.

Proposition 5.12. ©'(z) is a meromorphic and odd function with a triple pole at each lattice at each lattice
point w € A. It has no poles anywhere else. Furthermore, it is doubly periodic with respect to w1 and ws.

Proposition 5.13. o(z) has a Laurent series expansion around z =0 given by

o0

1 2k

Let’s look at the basis of the space of meromorphic elliptic functions with a pole of order at most n at
each lattice point P: By the Riemann-Roch theorem, we expect there to be a linear dependence relation

{(nP) | C-basis

{1,0.0" 0% pp'}
{1, 0,0, 0% 0, 0°}

n

01 5y

1)1 {1}

212 {L o}
313 {1,900}
414 {Lp, ¢, 0%}
515

6|6

O = a1 + asp + azp’ + as10® + aspp’ + agp®

and indeed we have
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Proposition 5.14. Let

1
g2(A) =60E, =60 —

weA\{0}
and
1
g3(A) = 140Eg =140 > =
wEA\{0}

Then we have
©'(2)? = 4p(2)® — 60E4p(2) — 140F
= 4p(2)° — 92(M)p(2) — g3(A).
Proposition 5.15. Every coefficient in the Laurent expansion of p(z) can be expressed as a polynomial in

FE, and Eg.

5.3. Elliptic Curves. Consider a lattice A C C. Then note that X = C/A is a compact Riemann surface:
in particular, it is a complex torus. Studying the elliptic functions with respect to A corresponds to studying
meromorphic functions on X.

From the Weierstrass differential equation, it can be shown that the coordinate ring of X takes the form

C[X] = Clz,y]/(y* — (42° — goz — g3)).
Thus, every regular function on X is a polynomial in  and y, where y? = 423 — goz — g3.

Proposition 5.16. For a nonsingular projective plane curve C' of degree d, the genus of C' is given by
_d-1)(d-2)
B 2

Definition 5.17. An elliptic curve is a nonsingular curve of genus 1 along with a specified base point.

Proposition 5.18. Let E be an elliptic curve with base point O. Then there are functions x,y € C(E) such
that E — P? by P+ (z(P) : y(P) : 1) for P # O and O + (0 : 1 : 0) gives an isomorphism of E onto a
curve in nonsingular Weierstrass form,

C:Y?Z =4X3 — g2 X 7% — g3 23,

where A = g3 — 27g3 # 0. Furthermore, every point in E \ {O} is sent to a point in affine space. We then
call x and y the Weierstrass coordinates for E.

FIGURE 2. An elliptic curve in P?; the y-axis corresponds to the point at infinity.



THE RIEMANN-ROCH THEOREM AND ELLIPTIC CURVES 21

2 =x3—-3x+3 Vv=z3+z y¥=x—-2
A=—

A =2160 64 A =64

"
~

FIGURE 3. If we work in affine coordinates x = X/Z,y = Y/Z, then we obtain the locus of
a cubic y? = 423 — gox — g3, along with a formal point at infinity.

Proof. Consider the vector spaces nO for n > 1. By Riemann-Roch, we have ¢(0,,0) = n.

o Op: abasis is {1}.

Os0: since this vector space has dimension 2, a basis must be of the form {1,z}. In particular, x
has a pole of order exactly 2 at O.

Os0: {1,z,y}, where x has a pole of order 2 at P, and y has a pole of order 3 at O.

Oy0: {1,2,y,22}.

Oso: {1,2,y,22, zy}.

Oso: this case is more interesting: note that 1,z,y,x2, zy, 2%, 4% are all in Ogp, but Oso has
dimension 6. This implies that there is a linear dependence relation:

(1) a1 + asx + asy + asx? + aszy + agy® + arx® =0

We want to write the above equation in a nicer form. First, we claim that ag,ar # 0: otherwise, each a;
term in Equation (1) would have a different order pole at O, so each a; would be 0. Now, consider the
substitution
(z,y) = (—agarz, agazy).
We have
a1 — agaga7T + a3a6a$y + a4aga$12 — ayz%a?:cy + a%a‘%yz - aga$x3 =0

so dividing through by aga? gives

ai as as Ay o as 2 3
31 230t 55yt 2T — ry+y —x° =0
ajay  agas agas agas aear
or
a a a a a
2 4 3 3 4 9 2 1
Yy + 2TY + 53y =1" — 787+ 55T — 5.
agas agas aga agas agay

For ease of reading, replace the constants as appropriate:
y2 + bixy + byy = 22 4 by + byx + b.
Then, the substitution

b b b?/4+b
(x,y)r—>(y+ 1z + 3 g 1/4+ 2>
2 3
gives
2 _ .3
y* =a° + Az + B,

or in projective coordinates,
Y?*Z =2* + AXZ* + BZ?

where . ) X )
-b b1b bib b
L R LR LA

48 6 T4 3 th
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and
Finally, y — ¥ gives the desired form:
(2) y* = 42° — gow + g3
or
(3) C:Y?Z =4X3 — g2, X 7% — g3 73,

Now we prove that C(E) = C(x,y). Consider the maps
P (x(P):y(P):1)— x(P)
and
P (2(P):y(P):1) = y(P)
from E\ {O} - C — C. We have [C(F) : C(z)] = 2 and [C(E) : C(y)] = 3 (see [Sil09]). Note that
[C(E) : C(z,y)] - [C(x, y) : C(x)] = [C(E) : C(x)] = 2
and
[C(E) : C(z,y)] - [Cla,y) : Cy)] = [C(E) : Cly)] = 3,
so [C(E) : C(x,y)] divides both 2 and 3. This implies that [C(E) : C(x,y)] = 1, so C(E) = C(z,y), as

desired. Furthermore, note that = has a pole of order 2 at O and y has a pole of order 3 at O. Thus, O is
mapped to the point at infinity. |

Proposition 5.19. A Weierstrass cubic y?> = 42> — gox — g3 has three distinct roots if and only if A =
3 2
g5 — 27g3 # 0.

Proof. Let {e1, e, e3} be the roots of 42 — gz — g3 = 0. Then through tedious algebraic manipulation, it
can be shown that

A= 16(61 - 62)2(62 - 63)2(63 — 61)2.
|

Remark. One may wonder what goes wrong if A = 0. In this case, we obtain singular cubic curves, which
are not elliptic curves:

2 3 y? = 23 + 22
A =

D@
[
S

FIGURE 4. Singular cubic curves in AZ.

However, analysis of singular cubic curves is still important; particular, it is often useful to consider a
Weierstrass cubic equation over F,. Further discussion can be found in [Sil09], p. 55.
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Proposition 5.20. Consider the curve
C:Y?*Z =4X3 — g2XZ% — g3
where A # 0. Then C is an elliptic curve with base point (0:1:0).

Proof. Note that C is a nonsingular projective plane curve of degree 3 in P2. Thus, by Lemma 5.16, the
genus of C'is 2(3—-1)(3-2) = 1. ]

5.4. The Uniformization Theorem. Recall the Weierstrass differential equation

(4) p'(2)? = 4p(2)° — g2(M)p(2) — gs(A)
and consider the mapping (p(z), p'(2)) — (z,y). Then Equation (4) defines an elliptic curve
(5) Ep :y? = 42% — go(N)x — g3(A).

Thus, every lattice in C corresponds to an elliptic curve. However, this leads one to wonder: given an elliptic
curve F is there a lattice C such that F = E,? The answer is yes; this is the content of the uniformization
theorem for elliptic curves.

5.4.1. The discriminant of a lattice.

Definition 5.21. Recall that a lattice gives rise to a differential equation of the Weierstrass function: with
92(A) = 60E4 = 603, ¢\ (0} 1 and g3(A) = 140E¢ = 140 2 we\ {0} =5, we have

9'(2)? = 4p(2)° — g2(A)p(2) — gs(A).
Recall that a cubic of the form
By’ =42’ — gox — g
has discriminant g3 — 27¢3; thus, we define the discriminant of A by A(A) = g2(A)3 — 27g3(A)2. Also, let
{e1, €2, e3} be the roots of 4p(2)3 — ga(A)p(2) — g3(A) = 0. Tt is well known (without loss of generality) that

4 )

er =9 (%), e2=p (%), and es = o (
Proposition 5.22. For any lattice A, A(A) # 0.

Proof. Note that A(A) = 16(e1—e2)?(ea—e3)?(e3—e1)?, where ey = p (4L), e2 = p (£2), and e = p (1542).

As the e; are distinct, it follows that A(A) # 0. [ |

Corollary 5.23. The differential equation of the Weierstrass p function gives rise to an elliptic curve.

5.4.2. The j-invariant of a lattice. Call two lattices A and A’ homothetic if there is some A € C such that
A=A

Definition 5.24. Now, define the j-invariant of the lattice A by

g2(A)?
AR

Proposition 5.25. Two lattices A and A’ are homothetic if and only if j(A) = j(A').

§(A) = 1728

Proof. If A and A’ are homothetic, write A = AA’. Then

92(4) = 2O = $70a(A)

and .
93(A) = g3(AN) = 593(A").
Then by the definition of the j-invariant, we have

92(A)3 B 92(A/)3/>\12 B gz(A/)?’
20 — 2T (A2 P (ga(A) — 2Tga (MDA T (W) — 27ga ()2

F(A) = 1728 = j(A)).
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Conversely, say A and A’ satisfy j(A) = j(A’). Let A € C be such that

4 _ 92(A)
SRRIU
e ga(A)? ga(A)?
1728 8 = G(8) = (V) = 172870
we have
92(A)*(g2(N)? — 27g3(A')?) = ga(A)*(g2(A)? — 27g3(A)?)
SO
92(A)?g3(A)? = ga(A)?g3(A)?
and
12 _ 92(A) ’ _ QS(A) 2
s ( <A'>) - <gg<A/>)
so that

g2
(55) ==

If the above is negative, then replace A by i\ so that A* = (i\)* and A% = —(i\)®. Then we have either
ga(A) = Mgo(A') and gs(A) = NSg3(A)
or
92(A) = (i\)ga(A') and gs(A) = (X)gs(A").
Now, by the definition of go and g3 (namely as Eisenstein series) we have g3(A’) = g2(AA) and g3(A) =
) =

g3(AA). By Lemma 5.15, we have pp(z) = paas(z). Since the lattice is the set of poles of the Weierstrass
function, we have A = AA’ as desired. [ ]

We can also define the j-function j : H — C by j(7) = j([1,7]). This notion will be useful for existence.

Lemma 5.26. The j-function j : H — C is surjective.
Proof. [Cox97] p. 204. [ ]

5.4.3. The Uniformization Theorem.

Proposition 5.27. Let ga, g3 € C be such that g5 —27g3 # 0. Then there is a lattice A such that g2(A) = go
and g3(A) = gs.

Proof of Proposition 5.27 with the j-function. Take T so that j(7) = 1728¢3 /(g3 — 27g3). Then the lattice
[1,7] suffices: we can find )\ so that go(A) = go/A* and g3(A) = g3/\°. |

We can also give a proof of this fact using the Riemann-Hurwitz formula.

Theorem 5.28 (Riemann Hurtwitz onto Riemann Sphere). Let 7 : X — P! where X is the Riemann surface
of \/P( = c\/ (z—a1)-- (2 —ag) and the a; are distinct. Then the genus of X is given by g = Luj

Proof of Proposition 5.27 with Riemann-Hurtwitz. Fix go,g3 € C and assume g3 — 27g5 # 0. Let X — P!
be the Riemann surface of \/423 — gaz — g3. Then since the roots of 422 — g2z — g3 are all distinct, we have

g = 1. In particular, X is isomorphic to its Jacobian Jac(X), which is isomorphic to C/A for some lattice
A. |

Theorem 5.29 (The Uniformization Theorem for Elliptic Curves). Given a lattice A C C, there is a
corresponding elliptic curve Ey such that C/A = Ey, and given an elliptic curve E, there is a lattice (unique
up to homothety) A such that E = C/A.

Let ¢ : C/A — EA(C) be defined by z — (p(z),9'(2)) for z ¢ A and z — O for z € A.
Lemma 5.30. ¢ is a bijection from C/A onto Ex(C).
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Proof. Say that p(z1) = ¢(22). Then we have p(z1) = p(22), so z1 = £22 mod A. Since we must also have
©'(z1) = p'(22), and ¢’ is an odd function, we must have z; = 25 mod A. Thus, ¢ is injective. To show that
p is surjective, let (xg,yo) € EA(C). Let 29 be a solution of p(z) — x¢ = 0. Then p(2¢) = zp and

0'(2)* = 40(20)* = 92(M)p(20) — g3(A) = 425 — g2(A)wo — g3(A) = g,

s0 ©'(z) = tyo. It follows that p(F20) = (g, £Yo), s0 p is surjective. Thus, ¢ is bijective. [ ]

Lemma 5.31. ¢ is structure preserving; in particular, it induces an isomorphism of groups.

Proof. Let z1,2z0 € C/A. If z1 or zo € A, then p(z1 + 22) = p(z2) = O+ p(22) = p(21) + p(2z2) or
(21 + 22) = p(21) = @(21) + O = @(21) + p(22). If 21 + 22 € A, then ¢(21) = p(—22) = —¢(22), so
©(21) + @(22). Thus, we may assume 21, 22,21 + 22 € A. Let y = max + b be the line connecting P; and Ps;
m # oo since Py and P» are not inverses, as z1+22 € A. Let z3 be the third zero of f(z) = —p(z)+mg’(2)+b.
Note that f(z) is an elliptic function with zeros z1, z2, z3. This implies that z; + 29 + 23 € A, so

(21 + 22) = p(—23) = —p(23) = —P3 = P1 + P2 = ¢(21) + p(22).
|

Proof of Theorem 5.29. Consider an elliptic curve y? = 423 — gox — g3. By Proposition 5.27, we can find
a lattice A, unique up to homothety, such that go(A) = g2 and g3(A) = g3. By Lemma 5.31, we have
C/A = E), = E. Conversely, by z — (p(z), ¢'(2)) and Lemma 5.31, given a lattice A, there is an elliptic
curve Fy such that C/A & Ey. [ ]

Corollary 5.32. Any elliptic curve can be embedded into P? by z — (p(2) : 9'(2) : 1).

Proof. {1,p,¢'} is a basis of H(X, 030). Then by Theorem 3.4, F = (p : ¢’ : 1) : X — P? is an
embedding. ]

5.5. The Group Law. Recall that for an elliptic curve E, there is a corresponding lattice A such that
C/A = E. In particular, this is an isomorphism of groups. We describe the geometric group law on E below:

Given two points A and B on E, consider the line through both of them (if they are the same line, consider
the tangent line); let this line intersect FE at C. Then let the line through O and C intersect E at A ® B.

A

A

A

2
-

FIGURE 5. The group law on the elliptic curve y? = 23 — z + 1.

Theorem 5.33. This turns E into an abelian group with identity O. In particular:

(a) If A, B,C are collinear, then (A® B)® C = 0.

(b)) AO=A forall A€ E.

(c) AB=B® A forall A,B € E.

(d) Given A, there exists B such that A® B = O.

(e) For all A,B,C, we have ( A®B)®C =A® (B C).
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Proof of Theorem 5.33.

(a) This follows by the construction of A+ B and as C and A & B have opposite y coordinate.

(b) Let the line through A and O intersect E again at B. Then the constructed line intersects E at O,
B, A® O, which implies A ® O = A.

(c) This is clear by the construction of A @ B.

(d) Let the line through A and O intersect E at B. Then A@ B=(A® O0)® B = 0.

(e) Associativity is the only hard part. One can prove this explicitly using algebra, but we will use the
theory we have developed to give a more enlightening proof.

Since X = C/A is a compact Riemann surface of genus 1, it is isomorphic to its Jacobian. Also, by the
Abel-Jacobi theorem, Jac(X) = Pico(X), so X = Picy(X).

Proposition 5.34. For an elliptic curve E, there is a bijection between E and Pico(E). In particular,
P—-P-0
suffices (where P — O is to be considered as a divisor).
Proof. We wish to show that if D is a divisor of degree 0, then there is a unique P such that D ~ P — O.
By the Riemann-Roch theorem, we have
(D+0O)—UK—-D-0)=1—g+deg(D+0)=1.

By Proposition 2.17, since deg(K — D — O) = deg(K) — deg(D) —deg(O) = (2-1—-2) —0—1 = —1, we have
UK —-D—-0)=0,s0 D+ O)=1. Thus, there is a unique rational function f (up to multiplication by an
element of C*) such that (f)+ D + O > 0. This implies that (f) + D + O takes the form P,ie. D+ O ~ P
or D~P—-0. u

Since Picy(E) is an abelian group, it induces an group action @ on E. Let us demonstrate how it works:
(PeQ)@R=P+Q+R=P3(Q®R).
Pe(-P)=0
POQ=P+Q=Q+P=QoP
PoO=(P-0)+(0-0)=P
thus the induced group action is compatible with the group law defined above.

Proposition 5.35. For an elliptic curve E, P® Q = R if and only if P+ Q ~ R+ O.

Proof. Since P — P — O and Q — Q — O, and the operation on Picy(E) is addition of divisors, we
want R = P® Q — P+ Q — 20. However, we already know that P Q — P @& Q — O, so we have
PeQ—-0O~P+@Q—20, and in particular, PEQ+O =R+ 0O ~ P+ Q.

Conversely, if P+Q ~ R+ O, then P+ @ — R ~ O and the isomorphism defined above sends P+@Q — R —
P+Q—R— 0. Thus, P+ Q = R as desired. [ ]

Let us now work out explicitly the group law on an elliptic curve with affine coordinates. Consider an
elliptic curve E : y? = 423 — gox — g3. For any two points p1,p2 € FE(C), if p1 2 is not the point at infinity,
let p12 = (712,¥1,2)-

e If p; or po is O, then let p1 + po = p2 = O or p; + p2 = p1 = O respectively.
o If x1 = x5, the Weierstrass equation implies that y; = +yo. This gives two subcases:
— If 21 = x5 and y; = —yo or y; = yo = 0, then let p; + po = O.
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— If 2y =20 and y1 = y2 # 0, let p1 + p2 = 2p1 = (23,y3) where
1 (1222 — go\°
— _9 Ml (i S
I3 X1 + 16 ( "

and
( )<12$1—92>
=—y;1— (r3—x — .
Ys 1 3 1 2

Otherwise we have:
o If x1 # x2, let p1 + po = (73,y3), where

1 B 2
ra=—m -t 7 (L22)

4 \x1 — 29
and
Y1 — Y2
ys = —y1 — (z3 — 1) () ,
T — T2

This comes by intersecting y = max + b with y? = 423 — gox — g3 and noting this implies

m? 1 /y1—vy 2
nm = T = (L)
1 — L2

and
Y1 — Y2

> (x1 —x3) + 11
Tl — T2

y3m(9ﬁ3$1)+y1<

Corollary 5.36. By z — (p(z), 9'(2)), we have the addition law for the Weierstrass o function:

p(w + 2) + p(w) + p(z) = i (W> ’

and the duplication formula:

1

2)2 — 2
p(22) = ~20() + 1 (12@(>gz> .

2¢/'(2)

27
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6. APPLICATIONS TO NUMBER THEORY
We will state some celebrated results in arithmetic geometry; we have no hope of proving them here.
Theorem 6.1 (Mordell-Weil). If K is a number field (i.e. [K : Q] < 0o, then E(K) is finitely generated.
Theorem 6.2 (Faltings). Any curve of genus g > 1 over Q has only finitely many rational points.

Definition 6.3. Define the Fermat curve in affine coordinates by ™ + y™ = 1, or in projective coordinates
by X" +Y"=2".

(0,1)
(0,1)

(_170) (170) (1,0)

(07_1)

FIGURE 6. The affine Fermat curves 2% +4* = 1 and 2° +¢° =1

We claim the curve f,, : X" +Y"™ —Z" is nonsingular over C; if a singular point P existed, we would have:

which would imply that P = (0 : 0 : 0). However, (0 : 0 : 0) does not lie in projective space, so it follows
that f, is nonsingular. By Lemma 5.16, the genus of the n-th Fermat curve is %(n —1)(n—2), so for n > 4,
Faltings’s theorem implies that there are only finitely many rational points on each Fermat curve. This is a
weak form of the famous:

Theorem 6.4 (Fermat’s Last Theorem). There are no nontrivial integer solutions to the Diophantine equa-
tion a™ 4+ b" = c".
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