KEY PAWN ENDGAMES WITH A CGT PERSPECTIVE
MATTHEW LEUNG

ABSTRACT. This paper explores key pawn endgames through the lens of Combinatorial
Game Theory (CGT). Using Dvoretsky’s Endgame Manual (Chapter 1) as a foundation,
we reinterpret its concepts and examples with a CGT perspective. By applying CGT to
these classic endgames, the paper provides new insights into their strategic structure and
decision-making processes.
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INTRODUCTION

Pawn endings are fundamentally combinatorial, with every position representing a discrete
state where outcomes hinge on precise calculations. Even the slightest alteration in a position
can shift its classification from a P-position (where the player to move is at a disadvantage
with perfect play) to an N-position (where the player to move has a winning strategy). This
classification of positions forms the backbone of combinatorial game theory (CGT) as applied
to chess, emphasizing the importance of understanding transformations between states.

Rather than relying on rote memorization, the study of pawn endings highlights universal
patterns and techniques such as opposition, zugzwang, and the identification of key squares.
These elements are combinatorial in nature, representing distinct positions within the game
graph. By navigating this graph effectively, players can transition between advantageous
and neutral states, securing a strategic advantage or avoiding a loss.

Tempo and the Battle for Initiative. A large subset of pawn endgames revolves around
what can be described as tempo battles, where the relative timing of moves determines
the outcome. These positions require players to calculate which side can achieve critical
objectives—such as queening a pawn or positioning a king to block or capture a passed
pawn—within the constraints of move order.

In CGT terms, tempo battles highlight the significance of move parity. The side that can
maintain the initiative often steers the game into an N-position, where they retain a winning
strategy. Conversely, failing to manage parity risks being forced into a zugzwang, where
every available move worsens the player’s position.

Diagram I-1: The d5-square is not a key square.

For example, consider the position in Diagram I-1, where the black king occupies the d5
square. This square does not qualify as a key square, and with White to move, the game
remains in a P-position for White, as they cannot access any of the critical nodes (c6, d6, €6).
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However, with Black to move, their king must retreat, allowing White to seize the initiative
by stepping onto a key square, transforming the position into an N-position.

KEY SQUARES AND POSITIONAL FOUNDATIONS

In combinatorial terms, key squares serve as winning configurations—nodes in the position
graph that guarantee a transition to a favorable region. By occupying these squares, a player
forces the game into an N-position, ensuring victory regardless of the opponent’s responses.
Key squares are often defined relative to the position of pawns and kings, and their control
dictates the flow of the game.
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Diagram I-2: Key squares expand with the pawn on the fifth rank.

In Diagram I-2, the White pawn’s advancement to the fifth rank expands the set of key
squares to include b7, ¢7, and d7 alongside b6, c¢6, and d6. This alteration in the position
graph increases White’s winning configurations, allowing their king to initiate a sequence
that guarantees pawn promotion. These expansions highlight how pawn progression alters
the game’s structure, introducing new pathways to N-positions.

An example of precise play in this scenario is:
1.Ka6! Ka82.06 Kb8 3.07!

Each move preserves White’s winning trajectory, maintaining transitions into N-positions.
Conversely, a premature move like 1. Kc67! results in a draw by enabling stalemating
defenses (e.g., 1...Ka7 2.b6+ Ka8 3.Kc7). This underscores the importance of recognizing
key squares and navigating the position graph with precision.

1.Kc2! KeT2. Kb3 Kd63.Ka4 (3KcA?Kc6 =) 3...Kc64.Kab (A5Kab)4...Kb75.Kb5

This sequence highlights how White navigates the position graph to transition from a
neutral state to a winning configuration. From a CGT perspective, the position can be



4 MATTHEW LEUNG

described as a combinatorial game where each move narrows the opponent’s viable responses,
transitioning the game through successive winning N-positions for White. The critical aspect
here is White’s choice of Kc¢2, which ensures the transition to a dominant game state by
maintaining maximal distance from the opposing king, reducing its influence over the key
squares.

In CGT terms, the initial position is represented by a game value of {L|R}, where the
left (L) option corresponds to Black moving closer to contest key squares, while the right
(R) option allows White to seize strategic initiative. White’s first move shifts the position
value toward a pure right option, effectively cutting off Black’s threats to key squares. Each
subsequent move solidifies this progression, with White’s path constrained by the need to
maintain control over the position’s combinatorial value.

The failure of the alternative move 3.Kc4? illustrates the transition into a drawn config-
uration—a P-position. In this case, Black’s defense stabilizes the game graph into a state
where neither player can gain further advantage without opponent error. This dynamic
highlights the importance of understanding key squares not merely as isolated targets but
as nodes within a broader positional framework.

Diagram I-3: Exercise - White should try to control key squares (a6, b6, c6).

Corresponding Squares and Equivalent Positions. Corresponding squares are pairs of
positions that exhibit symmetry within the game graph, representing reciprocal zugzwang
relationships. In CGT, corresponding squares define subgames where control of one square
forces the opponent’s response to a symmetric counterpart. The game value of such configu-
rations can often be expressed as 0, meaning the position is in equilibrium unless disrupted
by external factors.
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For instance, if White occupies one corresponding square (e.g., ¢5), Black must occupy
its pair (e.g., ¢7) to maintain parity. The failure to do so transitions the position into a
zugzwang state, where all moves worsen Black’s situation. From the perspective of CGT,
this disruption changes the game’s combinatorial value, often shifting from 0 (neutral) to
+1, reflecting the advantage gained by one side.

In the position shown in I-4, corresponding squares govern the interaction between the
kings. By maintaining parity, Black aims to neutralize White’s advancement. However,
White’s ability to manipulate this correspondence through triangulation—temporarily alter-
ing the move sequence to shift zugzwang—breaks the equilibrium and transitions the position
into a winning N-position.

' 9

Diagram I-4: Corresponding squares in action.

Opposition as a Combinatorial Strategy. Opposition represents a fundamental strategy
in pawn endgames, modeled in CGT as a method for controlling the position graph. By
gaining opposition, a player forces the opponent into zugzwang, limiting their ability to
contest critical squares and ensuring favorable transitions.

Looking at I-4 again, White uses opposition to execute an outflanking maneuver. The
horizontal opposition (¢7 vs. ¢6) is critical in dictating the flow of the game. By controlling
the opposition, White restricts Black’s mobility, ensuring that the game progresses along a
path favorable to White.

1...Kc2.Kab Kc63.Ka7 Kcrl4.Ka8 Kc8!

Here, Black’s defensive play aims to maintain horizontal opposition. However, White’s
ability to break the equilibrium by introducing a reserve tempo (e.g., through triangulation
or pawn moves) shifts the position into zugzwang. From a CGT standpoint, this maneuver
adjusts the game’s value, moving it from a balanced state to an advantage for White.
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Triangulation can be seen as a tactical shift in the position graph, where a player tem-
porarily retreats to restore the same configuration but with the opponent to move. We will
revisit this technique later, but for now, it is only needed to know that the technique is
crucial in situations where the opponent’s move options are severely limited, amplifying the
impact of zugzwang. For example:

1...Kc7'2.Ka6 Kc63.a4! Kc74. Ka7 Kc6

The introduction of the pawn move (a4) realigns the position, forcing Black into zugzwang
and allowing White to transition into a decisive N-position.

Opposition, when viewed through the CGT framework, is not merely a tactical tool but
a broader strategic principle. It highlights the importance of move sequencing, control over
game subvalues, and the effective manipulation of zugzwang states to achieve victory.

Mined Squares: Altering Pathways in the Position Graph. Mined squares in com-
binatorial game theory are positions that, when entered, result in a shift of the game value
to a losing configuration for the player stepping onto them. These squares function as traps
within the position graph, where entering such a square forces a transition into an unfa-
vorable P-position. The concept of mined squares reflects a critical aspect of CGT: the
deliberate restriction and control of available pathways to force opponent errors.
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Diagram I-5: Mined squares c4 and b6 restrict king movement.

In Diagram I-5, the c4 and b6 squares are mined, creating a dynamic where neither king
can occupy these squares without immediately conceding a strategic disadvantage. White
goes between b3, c¢3, and d3, while Black oscillates between ¢7, b7, and a7. The mined
squares serve as barriers that prevent either side from progressing without disrupting the
equilibrium.
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From a CGT perspective, the game can be represented as:

Position value: {L | R}, where L represents White stepping onto c4 or b6 (a losing pathway),

and R represents maintaining parity.

White ensures the equilibrium remains intact while waiting for Black to misstep by step-
ping onto a mined square first. By forcing Black to transition into zugzwang, White even-
tually converts the position into an N-position, securing victory.

In the diagram I-6 below, the kings at e6 and c5 are in reciprocal zugzwang. White wins
by forcing Black to step onto the mined square first:

1.K f6! Kb52.KeT Kc53.Ke6!

Black’s only response is to step onto the mined square c4, allowing White to capture the
d-pawn and dominate the position. The transition demonstrates how mined squares alter
the game graph, reducing Black’s mobility and options until zugzwang emerges.
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Diagram I-6: Reciprocal Zugzwang.

Triangulation: Manipulating Move Order. Triangulation is a technique that involves
intentionally altering the move order to gain a positional advantage. In CGT, it represents a
deliberate modification of the position graph, introducing a temporary detour that forces the
opponent into a zugzwang state. The ability to "lose a tempo” is often critical in positions
where corresponding squares determine the outcome.

In Diagram I-7, the d5 and d7 squares are in correspondence, and Black’s king must
constantly account for the d6-d5 break. White achieves triangulation by shifting the position
in a way that forces Black to make the critical first move:

1.Ke5! (1.Kc4? is incorrect, as it allows Kb5) Kc62.Ked Kd6 3. K d4!
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This sequence results in Black losing the tempo, leaving their king in zugzwang. Triangula-
tion here transforms the game’s value from neutral 0 to an advantage for White, represented
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Diagram I-7: Triangulation forces Black into zugzwang.
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Diagram I-8: Another example of triangulation.
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We can look more into triangulation in I-8 above, where corresponding squares are analyzed
more deeply. The key pairs—d5-d8 and c¢5-c8—form a correspondence network. The player
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to move must carefully manage this network to maintain equilibrium or break the opponent’s
defenses. White demonstrates triangulation as follows:

1.KdA! Kd62.Kc4 Kc63.Kdb! Kb64.Kcd!

By forcing Black into zugzwang, White shifts the game state and secures dominance over
the position. This highlights the CGT principle of using move order manipulation as a tool
for positional control.

KING vSs. PASSED PAwWNS: THE RULE OF THE SQUARE

The concept of the square in pawn endgames defines a region of the board where a king can
intercept a passed pawn before it reaches the queening square. This region is combinatorially
significant because it determines whether the position transitions into a P-position (a draw
for the defending king) or an N-position (a winning position for the pawn). The boundaries of
the square change dynamically with each move of the pawn, reflecting the evolving structure
of the position graph. In I-9, Black’s king must stay within the defined square to prevent

\ :
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Diagram 1-9: The rule of the square dictates whether the pawn queens.

White’s pawn from queening. The game state can be expressed as:

Position value: {L | R}, where L = Black steps outside the square, leading to queening (White win),

R = Black stays within the square, maintaining equilibrium.

If it is Black to move, the king enters the square (e.g., 1...Kg4 or 1...Kg3) to prevent
the pawn from promoting. This defensive maneuver forces the position into a draw, a classic
P-position. However, if it is White’s move, advancing the pawn (e.g., 1. b4) shifts the
boundaries of the square dynamically, ensuring Black cannot enter the new square in time,
transitioning the game to an N-position for White.
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The importance of the square highlights how CGT frameworks help classify positions.
The transition from 0 (neutral) to +1 (winning for White) is entirely dependent on whether
Black can maintain parity by remaining inside the square.

Obstacles in the Path of the King. Even if a king occupies the square, its path to
intercept the pawn may be obstructed. In such cases, the theoretical boundaries of the
square fail to secure a draw. These situations introduce additional constraints into the
position graph, altering its combinatorial structure.

For example, if the pawn starts from b2, the square is constructed from b3. Black’s ability
to defend depends on whether the king can navigate around other pawns without stepping
outside the defined boundaries. If Black’s pawns obstruct the king’s path, White’s pawn
promotes uncontested, demonstrating how internal obstacles can transform an otherwise
balanced position into a decisive N-position.

Complex Interaction: R. Bianchetti, 1925. In Diagram I-10, the interaction of multiple
pawns complicates the combinatorial analysis. White can seize the initiative with:

1.d5'ed2.a4 Ke4 (2...d43.a5d34.Kel) 3.a5+!

Black’s king is unable to step into the critical zone in time, as 3. ..Kd5 is no longer viable.

s

Diagram 1-10: Multiple subgames and obstacles define the outcome.

Y

White’s advance creates a cascading effect in the position graph, transitioning the game from
a neutral state to a decisive N-position.

This endgame can be analyzed in CGT terms as a multi-subgame interaction:

Overall position value: {d5 — L|d4 — R},

where the left (L) option corresponds to Black capturing the d5 pawn, while the right (R)
option reflects White’s progression toward queening on the a-file. White’s ability to dominate
arises from controlling both subgames simultaneously, ensuring no viable defense for Black.
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The rule of the square exemplifies the fundamental principles of CGT in pawn endgames.
Each position is defined not just by the board state but also by the combinatorial structure
of options and transitions. Mapped as a position graph, the player’s moves either preserve
parity or disrupt it, resulting in a transition from neutral (0) to advantageous (+1 or —1)
positions.

By applying CGT principles, these endgames are reframed as structured games of L—R,
emphasizing the critical importance of analyzing transitions and maintaining control over po-
sitional subvalues. This approach provides a deeper understanding of the interplay between
kings and passed pawns, unlocking a new way of looking at precise strategies for navigating
complex endgames.

Réti’s Idea: Dual Threats in the Position Graph. Réti’s Idea demonstrates a re-
markable concept in pawn endgames: a king that appears to be outside the square of a
passed pawn can still catch it through precise maneuvering. This is achieved by creating
dual threats, effectively chasing “two birds with one stone.” The king simultaneously pursues
one pawn while positioning itself to control or support another critical square, exploiting the
interplay of tempi and threats.

&

Diagram I-11: Chasing two birds at once.

In Diagram I-11, White is two tempi behind in catching Black’s passed hb-pawn while
simultaneously needing to promote the c6-pawn. At first glance, the position might seem
lost for White. However, by exploiting the geometry of the board and leveraging dual-
purpose moves, White achieves a draw. The CGT framework provides insight into how this
is possible by viewing the position as a combinatorial game with subgames on different parts

of the board.



12 MATTHEW LEUNG

1.Kg7h42.K 6 Kb6,

if 2...h3 then 3.Ke7 (or 3.Ke6), and the pawns queen together.
3.Ked Kxcb,

3..h34.Kd6 h25.c7 = .

The Floating Square: Expanding Influence in the Position Graph. The floating
square, introduced by Studenecki in 1939, describes a dynamic region of influence created by
two separated passed pawns. This region determines whether the defending king can stop
one or both pawns from queening. The floating square functions as a combinatorial tool,
providing a spatial advantage by expanding the reach of the pawns and defining positional
constraints for the opponent’s king.

In Diagram [-12; the floating square extends from the corner occupied by the a-pawn (a4)
to the corner occupied by the e-pawn (e4). If the floating square reaches the board’s edge
(as in this position), at least one of the pawns must queen, regardless of whose move it is.
This creates a decisive N-position, where the player controlling the pawns has a guaranteed
winning strategy.
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Diagram I-12: The floating square defines a region of influence.

The sequence:
1...a42.Kbded 3. Kzxad e3+

shows how Black forces White’s king to sacrifice itself to stop one pawn while the other
promotes. This position can be modeled in CGT terms as:

where: - L corresponds to White attempting to stop both pawns (losing pathway). - R
represents Black advancing either pawn freely, ensuring a transition to queening.
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When the floating square does not reach the board’s edge, the configuration becomes more
balanced. In Diagram I-13, the square formed by the pawns on a6 and e6 reaches only the
second rank, allowing the defending king to neutralize both pawns:

1...a572.Kd6! a4 3. Kxeb a34.K f7! a2 5.97a1Q6.98Q+

o
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Diagram I-13: Three connected pawns create a dominant subgame structure.

Black must avoid moving the pawns too quickly, or the position shifts into zugzwang,
with White exploiting triangulation or tempo to secure a draw. Here, the floating square
represents a neutral configuration:

G =0,

where both sides can maintain parity unless one commits a strategic error.

The floating square exemplifies the interplay between tempo and spatial control in pawn
endgames. By expanding the region of influence, the pawns impose constraints on the
defending king, forcing it into unfavorable positions. In CGT terms, the square acts as a
positional subgame, with its boundaries dictating transitions between P-positions and N-
positions.

THREE CONNECTED PAWNS: MODELING SUBGAME DOMINANCE

In Diagram I-14, the presence of three connected pawns creates a formidable combinatorial
structure. The advancing pawns function as a unified subgame, where their majority ensures
forced moves that constrain the defending king. The position is inherently winning for White,
provided they maintain optimal tempo and leverage the pawns’ interconnected influence.
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ddx

Diagram I-14: Three connected pawns create a dominant subgame structure.

The key sequence:
1.Kb1!b32.Kb2a33.Ka2 c34.Kb3!

illustrates how White uses triangulation to maintain control over the pawns while neutralizing
Black’s options. Any deviation (e.g., 1.Kc2?) allows Black to advance unimpeded, leading
to queening.

This position can be decomposed into a series of subgames:
G =G+ Gy + G,

where: - GG;: The b-file pawn subgame. - G5: The c-file pawn subgame. - G3: The a-file
pawn subgame.

Each subgame interacts with the others, creating a network of dependencies that dictate
the overall game value. White’s king operates within this network, ensuring that each
subgame remains neutral or favorable. By controlling the tempo and positioning, White
transitions the overall value from neutral (0) to advantageous (41).

The three connected pawns demonstrate the power of majority in pawn endgames. In
CGT, such configurations represent multi-subgame interactions, where dominance in one
subgame reinforces others. By maintaining tempo and leveraging the pawns’ interdepen-
dence, the advancing side forces the opponent into zugzwang, ensuring progression toward
queening.

The analysis highlights how connected pawns act as a cohesive unit within the position
graph, transitioning from local subgames to a unified winning strategy. This concept is
fundamental in understanding how pawn majority shapes the combinatorial dynamics of
endgames.
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CONCLUSION

This paper demonstrates how CGT provides a novel framework for analyzing pawn endgames
in chess, transforming them into structured positional graphs with clear transitions and val-
ues. By leveraging concepts such as key squares, tempo, opposition, triangulation, and mined
squares, the interplay between kings and pawns can be rigorously modeled as combinatorial
games with well-defined strategies. These insights not only deepen our understanding of
classical endgame principles but also reveal the underlying mathematical elegance of chess.
The application of CGT offers new perspectives on endgame strategy, equipping players with
tools to navigate complex positions with precision and confidence.
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