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Chebyshev’s Bias is the name for a phenomenon that has been ob-
served, where for most x, the number of primes less than or equal to z
congruent to 3 (mod 4) is greater than the number of primes less than or
equal to x congruent to 1 (mod 4). Chebyshev’s Bias was first observed in
1853 by the Russian mathematician Pafnuty Chebyshev. It should be noted
that the difference between the two quantities is o(x). However, it is thought
that the Bias continues as x goes to oo, although it has not been completely
proven yet. As of the time of this paper being written, all proofs of the
Chebyshev’s Bias require a stronger form of the Riemann hypothesis. The
proof in this paper assumes the Grand Riemann Hypothesis.

Definition 1. The prime-counting function w(x;n, a) is the number of primes
less than or equal to x congruent to a (mod n).

Definition 2. P,,, .. (x) is the set of v > 2 such that w(x;q,a1) > --- >

m(7;q,ar).
Definition 3. Let §(P) = limsup,_, ﬁftepmp p & and
d(P) =liminf, o —% fer[z . & where P is a set. The logarithmic density

of the set P is §(P) = 6(P) = §(P) whenever §(P) = §(P). For example,
I(R) =1.

Definition 4. E ., .. () is a vector-valued function defined as 1\%‘ x(o(q)m(z, q,a1)—

m(z),..., olg)w (%q,ar) m(x))
Definition 5. Let x be a Dirichlet character mod q. ¢ (x,x) = >, x(n)A(n).



Theorem 1. If x is not the principal Dirichlet character, x > 2, and X > 1,

then , )
Y(w,x) = — Z $—+O <xlnT($X>+lnx)

lvx <X p

where p = By + i, goes over the zeroes L(s,x) in 0 < R(s) < 1s. The proof
for this was omitted for space. It can be found in Multiplicative Number
Theory by H. Davenport from page 115 to 120. [1]
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O, x) =V Y #jLO(%lenx)

Remark 1. By the Riemann Hypothesis, B, = 5, so

0<b<q—1
Definition 7.
brga) = Y Am=— 3 %@ Y A
n<lz Qb(Q) x mod q n<z
n=a (mod q)
= @ Z X(G)W(%X)

x mod q

Theorem 2 (Dirichlet’s Theorem for Progressions). Let a and m be co-prime
integers. There are an infinite number of primes p such that p = a (mod m).

Proof Sketch. Only a sketch of the proof is provided in this paper. The full
proof can be found in Chapter 6 of A Course in Arithmetic [3].

Let P, be the set of primes p such that p = a (mod m).
Let f,(s) = Z w where x is a Dirichlet character mod m.
pS

ptm
Show that f, diverges as s — 1 iff x is the principal Dirichlet character.

Show that Zx(a’lp) = ¢(m) if a”'p =1 (mod m) and 0 otherwise.

X
Analyse the function g.(s) = >- x(a)”'fy(s) to show that the number of
primes congruent to @ mod m is infinite. ]
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Theorem 3 (Kronecker-Weyl Equidistribution Theorem). The real numbers
1, vy, vg,..., and vy are rationally independent iff the line t(vy, . .., vq) where
t € R is equidistributed on the d-dimensional torus.

Proof. The proof for this theorem can be found in A note on the Kro-
necker—Weyl equidistribution theoreml[4]. O

-----

. 1 X
for any continuous bounded function f in R", )P_I)I;o ﬁ/z f(Egay....ar ()

d_x
— =
. f(z) dftga...., ar (T).

Lemma 1.

Ega(r) = —c(g,a) + Y _ x(a)

X7X0

¢(\1;EX)+O< 1 )

where xo is the principal Dirichlet character.

Proof. Let 0(x,q,a) = Z In p.

p<z
p=a (mod q)
dl(t,q,a)
(o) = [ FEE

By Dirichlet’s theorem for progressions,

U(z,q,a) = 0(x,q,a) + > 1 ﬁJrO(ﬁ)

b2=a (mod q)



which means that

Tdi(t,q,a) 1 [T di(t) 1 _ Tdptx) 1 VT
Lonr = S g 20 [ e

XF#X0 b*=a (mod q)

\/E
+O<ln2x)
e YEY L e v
5 (" 302) * 710 2 MO 50 ( s 1) Iz
+O< w<t,x>‘ f)

vl tin?t In’ z
BEICONNS SR SN 2D ORI () TPtx)], Ve
o0 "7 2= X e e e (; i e

Let G(z,x) = [, (¢, x) dt. Integrating shows that

3/2+i7x

2 {12+ ) B2 )

Gz, x) = — +O(zInz)

The asymptotic formula for the number of zeroes (Davenport p. 101 [1])
shows that:

T T
#{nl <T} = —logg— ~—+0(nT +ng)

which means that G(z,x) <, %/2. Integrating the large equation gives

_m(@) _ clga) Vr 1 . VT
@00 = 50 T el e T e 2o NOVE0+O (o)
This is the end of the proof. n

Remark 2. Combining the equations from Remark 1 and Lemma 1 gives
that, forT'>1 and 2 <z < X,




where

Ea(ilf,T,X) = =

Y Y +Oq(\mnx+

=+
X#X0 T<|y|<X 2 %

Lemma 2.

Y 7T T
/ lea(e?, T, V)2 dy <o Yo 4 2
In2 T

Proof.

Y Y
/ eale?, T, M) dy < /
In2

In2

S ()

——| dy +0(1)
XFX0 T<|yx|<eY 2 T X

Y eWOx=7)
=¥ ¥ xone e

dy + O(1)
1
XZEX0 T< |y | eV + ZrYX) ( 2/}//\)

X0 T< |y <e¥

<DL )

1
win {v, 21
i T <im0 |%<||w| =l

AZEX0 T< |y |<o0

Using the asymptotic formula for the number of zeroes and comparing the
sum to the equation
“lnzxl 1
/ / ne nymin{Y,—} dx dy
ly — |
: In®>T In®T
gives an error bound of O (YT + T) O]

Lemma 3. For each T there is a probability measure vy over R" such that

vr(f) =

R
[ty orta) = Jim 5 [ FED ) dy
r o0 n?2
for all continuous bounded function f where
B WX
B (y) = —clg.a;) = > xlay) Y T
X#X0 <z 2 T VX
and
ED(y) = (B, (y),



Proof. Let v1,...,vn be the numbers such that 0 < ~; <7 and % +1iyjis a
zero of L(s,x). E™)(y) can be written as

N
E(T) (y) = 2R <Z bleiy7’> + bo

=1

where
bO = _(c(q7 al)a cee ,C(q, ar))

b = — ()Zl(fh) xalar) )
% + i’n7 ’ % + Z"'yl
Define the function g(yi,...,yn) over TV = RY/ZN to be

N
g1, yn) = f (23? (Z bl627rm> + bo)

=1

and

Notice that g is continuous and

JEDG) =g (22, 22)

o’ o

Let A be the topological closure in TV of the subgroup
F(y):{wﬁ"'7MyGR}
2m 2m

A is a torus. I'(y) is equidistributed in A by the Kronecker-Weyl Theorem.
gla is continuous on A, so

Y

lm — f(E(T)(y))dyz/g(a) da

Y=oV 1,0 A

where da is the normalized Haar measure on A. Therefore,
or(f) = [ gla)da
A
satisfies the first half of the theorem. From the definition of E)(y),

EN )< > T < In®7T
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Proof of Theorem 4. Let f be a function such that there exists a constant ¢
where |f(x) — f(y)| < ¢flx — y| for all x and y.

I I
= [ FEW)dy =< [ FED @)+ () dy
Y In2 Y In2
1 Y Cf Y T
— 5 [rEmanao (2 [ Erwia)
In2 In2
Where E(T) (y) = Eq:a1 ..... ar (y) - E(T) (y) By Lemma 27
L A e [
- [ JEDW)dy+0 |5 [ [ (w)ldy
Y In2 Y In2
L A e (7o :
= — f(EY (y)dy + O —</ € ydy)
Ym( () v m\ ()]
1 [y In7T T
v mf( (v)) dy AW AR
Using Lemma 3 and letting Y — oo gives
cflnT o1y
— <l f— Epoi . a d
() =0 (DR ) <timint § [ f(Bpunan ) dy
1 Y
Slimsup? f(Egar,.ar(y)) dy
In2
thlT)
<w +0
>~ T(f) ( \/T
Letting T' — oo shows that both limits must converge to the same number,
so pu(f) exists. O

-----

. 5 e, 213251 x(a;)&
Kq.aq,..., ar(gla s 757“) = elzjzl e(a:a;)¢; H H JO =1 >

1 2
X#X0 x>0 Vit %
x mod q

where Jy is the Bessel function



The proof for this has also been omitted for space. It can be found in section
3 of the article on Chebyshev Bias in Experimental Mathematics Vol. 3.[2]

Theorem 6. Prime numbers are biased towards being congruent to 3 (mod 4)
rather than 1 (mod 4).

-----

—(c(q,a1),...,¢(q,a.)). This results in the Chebyshev bias. O
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