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ABSTRACT. In this paper, we explore variations of the polylogarithm function as well as their
properties. In addition, we examine the multiple zeta function and its similarities with the
multiple polylogarithm.

We begin with an introduction to polylogarithms, including their definitions and basic
identities. Then, we look at the dilogarithm in particular, proving some of its functional
equations. Finally, we introduce the multivariable versions of both the polylogarithm and
Riemann zeta function and observe the relations between the two.

1. INTRODUCTION

The polylogarithm function is a special function Lig(x) of order k and argument x. For
some values of k, it can be expressed in terms of elementary functions. The function comes
up often in fields such as quantum statistics.

Definition 1.1. The polylogarithm function is a power series in x and a Dirichlet series in k
defined for |z| < 1 (but can be analytically extended to a larger domain) by

[e.9] n

Liz(2) = Z%.

n=1

There are a plethora of functional equations with regard to the general polylogarithm as
well as specific forms of it. One important one is the square relationship.

Proposition 1.2 (Square Relationship). We have the following duplication formula:
Lip(—2) + Lig(z) = 2'7% Lip(2?).

Proof. This can be easily shown by adding the series expanisions of the left hand side and
eliminating the zero terms.

. 2 3 4 5 6 7
Lig(x) = z + F + K + 3 + &+ & + &+
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le(—x) = - + % - & + g - =t @ - = *
le('I) + le<—$) = 2%—1 + Qkfl.gk + Qkiv—ligk +

Note that the bottom line is 2'7% Liy(2?), so, as desired, we have

Lip(—2) + Lig(z) = 2" 7% Lip(2?).
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For some values of k, Lix(x) can be expressed neatly in closed form. These values include
Li;(z) = —log(1 — z),
_ x
Lig(x) = 1 ,

— X
z

(1—2)*

Furthermore, the closed form expressions for all negative integer values of k can be easily
found using the recurrence formula, given below.

and Li_4(x) =

Proposition 1.3 (Recurrence Relation). The recurrence formula shows the relationship be-
tween lower- and higher-order polylogarithms, and can be stated in either of the two following
forms:

xT L‘
Ligy1(z) = / l’;(t) dt, rLij(z) = Lig_1(x)
0

Proof. The formula can be shown by differentiating the series term-by-term.

e} n

Liv(z) =Y %

n=1

. x
i) =3

n=1

= Lik,1 (27)

The other form of the formula can be obtained by dividing by x and integrating on the above
result. [ |

As was previously mentioned for k, certain values of z result in Lix(x) resembling other
common functions. Here are two examples:

Li(1) = 3 — = ()

oy
n=1
. — (=1)"
and Ligy(—1) = Z ( nk) =n(k),
n=1

where ((k) is the Riemann zeta function and (k) is the Dirichlet eta function, also known as
the alternating zeta function.

2. THE DILOGARITHM

Now, let us take a look at one of the specific cases of the polylogarithm function. While
there are many of these (in fact, infinitely many), the dilogarithm has several interesting
properties, from special values to functional equations. Let’s look at some of these.
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Definition 2.1. The dilogarithm function, also known as Spence’s function (named after
the early ninteenth century Scottish mathematician William Spence), is a special case of the
polylogarithm for k£ = 2, given by

. — T
Lis(z) = o

n=1

n

Proposition 2.2. One of the aforementioned functional equations is a reflection formula,

gien by
2
Lig(x) + Lig(1 —z) = % —log(z)log(1 — z).

Proof. We begin with an integral representation of the dilogarithm function, given by
log(1 —
Lip() = — / log(1—x)
T
By substituting 1 — x in place of x, we get

Lio(1 —2z) = / log(x) dx.

1—2z

Then, adding the two equations above and integrating gives us

I@@%H@ﬂ—x%z—/(bﬂl_@—mgwgdx

T l1—=x

= —log(z)log(l — ) + C.
Now, we solve for the constant of integration by plugging in x = 0.

: 1 1 1 72

Thus,
2

Liy(2) + Liy(1 — 2) = % — log(z) log(1 — ).
n

Proposition 2.3 (Abel’s Duplication Formula). Another important relation is the duplication
formula, which obviously follows from Proposition and states

Li(z) + Liz(—2) = § Lis(2?).

Proposition 2.4. We have the following five-term functional equation, which can be expressed
i many other forms as well:

Lis (1 - — %) = Liy (%) + Liy (&) — Liy(y) — Lis(2) — log(1 — y) log(1 — ).

— X

Proof. If we take the integral representation of the dilogarithm

Lig(x) = —/wdm

xz

and replace x with % - ﬁ, treating a as a constant, we obtain the equation

a y 11 l—a—y
L R - 1 dy.
12(1—a 1—y> /(y+1—y) U —ai-y9 "
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Expanding the fractions and logarithm, we get

Liz< a .L):_/110g<1_i>dy+/wdy
l—a 1—y Y 1—a Y
1 log(1 —
_/ log(l_L)dw/Mdy‘
l—y -y -y

All of the integrals on the right hand side of the above equation can be written in terms of
the logarithm and dilogarithm by applying the following three relations:

1
/—log (1—L> dy = — Liy (L>,
Y 1—a l—a

logl—y) . _ |
/—y dy = — Lis(y),

1 a a
d | 1—— | dy=—Li .
o /1—y(%( 1—y) Y 12<1—y>

After making the appropriate substitutions and adding the constant of integration, the result-
ing equation is

Lb(la -—2—>:Lm(—ﬁ—)+Lb(—3—>—Lb@y—bg1—@kgu—yy+a
—a 1l—y 1 11—y

—a

By plugging in y = 0, we see that C' = — Liy(a). Then, replacing a with x, we obtain the
desired result:

Liy (1 - - %) = Li, <%) + Li, (ﬁ) — Liy(y) — Lis(z) — log(1 — y) log(1 — z).
n

A few other useful two-term functional equations arise from substitutions into the above
five-term equation, including the following:

Proposition 2.5.
1
Lis(1 — 2) + Liy (1 - —) = —1log” 2
z

Proof.

Liy (1 - - %) — Li, (%) + Li (ﬁ) — Lis(y) — Lis(z) — log(1 — y) log(1 — ).

— X

Now, we make the substitution x =y =1 — z and we get

1—2\° 1—
%(<22)>=ﬂh<7;)—ﬂhﬂ—@4%%-

We can apply the square relationship on the left hand side of the above equation, resulting in
the following:

1— —1 1—
2Lh(——i>+2Lb(i——>—2Lb< Z)-szu—zy—bga
z z z
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Moving all the dilogarithm terms to the left hand side and simplifying, we obtain the desired
result:

1
Lis(1 — 2) + Liy (1 — —) = —1log” 2.
2
|

Proposition 2.6 (Inversion Formula). Finally, we have the inversion formula, which relates
the dilogarithm of an argument and the dilogarithm of its reciprocal.

Lis(2) + Lig(1/2) = —%2 — Llog® 2.

Since we have relations for dilogarithms of the quantities

1 1 —1
r, — 1—=x, ’a: , and * ,
T 1—=x T r—1

we are able to reduce any real argument down to |z| < % This allows us to compute particular
values of the dilogarithm efficiently.

Notably, there are only eleven known values for = for which both x and Liy(z) can be
expressed in closed form. Most of these can be found using the identities listed above. These
are

Liy(0) = 0,
2
. s
L12(1) = E,
2
s
Lig(—1) = — —
12( ) 12

15
Lis(6™) = T~ log*(0).
Liy(—¢~1) = —7{—; +log®(¢),
Lis(¢) = 117: + %1 g’ (=),
Lin(?) = 110 ~log*(~).

and Liy(—¢) = —T—S +log*(9),

where ¢ is the golden ratio ¢ = %5

3. MULTIPLE POLYLOGARITHMS

There is also a multiple polylogarithm function, which involves multiple orders as well as
multiple arguments.
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Definition 3.1. The multiple polylogarithm function of depth £ is defined as
ni ng
. 1‘1 ... ‘Tk;
Llsl7.”7sk(x1,...,l'k) = Z W
ny>-->np>1 1 k

Sometimes, the multiple polylogarithm is used on only one variable. In such situations, it
is defined as

‘ A
Llsl,...,Sk <x> = Z ﬁ—nzk

1y
ny>->np>1

The multiple polylogarithm in one variable has several properties that are similar to the
classical single polylogarithm. These include the following recurrence formulas:

d

X — Lisl,...,sk ([E) = LiSl—l ----- Sk (.l’)

dx

d . .
and (1 — x)% Lijs,,..5. () = Lis, s, ().

Along with the initial condition
Lisl,...,sk (0) =0,

the above differential equations uniquely determine the multiple polylogarithm for all valid
S1y+.,Sk-

4. MULTIPLE ZETA VALUES

Definition 4.1. The multiple zeta function is a generalization of the Riemann zeta function
to multiple variables and is defined as

1
<(317'-'73k>: Z W
ny>-->np>1 1 k

We shall begin with some relevant vocabulary. When s, s9, ... are positive integers with
s1 > 1, the sums are referred to as multiple zeta values (MZVs). The quantity s;+so+- - -+ S
is the weight of an MZV and k is its length.

Note that, similar to the single zeta function and single polylogarithm, the following is true:

Lisl,...,sk(l) = g(Sl, ce 7Sk)-

Proposition 4.2. One equation that can be used to translate some instances of multiple zeta
values into single zeta values is

2((s,5) = ((s)” — (29).
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Proof. The proof is shown by eliminating the condition m <n, splitting the series, and ex-
pressing the terms with forms of the single zeta function.

o) = Y

0<m<n

1 1
=3 2
m,n>0
m#n

1 1
Z msns - Z n25

m,n>0 n>0

= 5(C(s)* = ¢(25))

DN | —
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